Dynamic System Modeling and Control Design

Heat Loss, Parameter Identification, Linearity and Time Invariance
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Recap of Last Lecture

Recap: Generic Control System

Teensy Microcontroller

Controller
Actuator Artifact Sensor
Heater Nozzle Temp. Sensor

Tn[n] = Tin[n — 1] + ATy, Pow[n — 1] (Pow = heater power)



Recap of Last Lecture

Recap: Clocked (Sampled) Systems

Every AT, the controller (Teensy 4.1):

@ reads the sensor,

@ computes a command,

© updates the actuator.
Teensy: a few us for this. Device:
AT =~ 1ms. Orders of magnitude apart,
so we treat read—compute—update as
instantaneous.

@ Sampling: T, [n] = 1o, (nAT).

@ Zero-order hold: Pow[n] is held
until the next update.

Pow
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Recap of Last Lecture

Recap: Linear First Order Difference Equation
(FODE)

e General form, with input u[n| and constant system parameters
A,y
y[n] = Ay[n — 1] +yuln — 1] (#1)

o LINEAR: y and u are only multiplied by constants and added.
No products, no powers, no constant offsets (we will remove offsets
by working around a nominal operating point).

@ General solution, for arbitrary n:

n—1
yln = A] ) AT m]
m=0

zero input response

zero state response



Recap of Last Lecture

Recap: Steady State Response

If uln] = ug for all n (i.e., constant input) AND |A| < 1, then...

]_’7

nh_}ngoy[n] = yloo] = T o
Why? At steady state y[n] = y[n — 1] = y[oc], so (#1) becomes
yloo] = Aylod] +yuo = yloc] = —uo.
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Recap of Last Lecture

Recap: Nozzle Heating with Proportional Control

Model (as of Monday), with Pow[n] = heater power:
Ton] = Ton[n — 1] + AT Pow[n — 1]

Proportional control (Ty[n] = desired temperature; same index n =
“instant update”):

Pow[n] = K}, (Ta[n] — Ton[n])
Combined: a linear FODE with output 7, and input Ty:

Tnn] = (1 — ATy Kp) Tin[n — 1] + ATy, K, Tyln — 1]
—_— ——
A v

@ Stable (|A| < 1) if and only if 0 < ATy, K, < 2, so the maximum gain is
_ 2
P ATy

@ No oscillations (0 < A < 1) if and only if 0 < ATy, K, < 1.



Recap of Last Lecture

Recap: Steady State of the Nozzle... Wait!

Hold the desired temperature constant: Ty[n] = Ty, for all n. If |A\| < 1
the system is stable and T, [00] exists:
gl ATy Ky

mloe] = 775 Tag 1—(1— ATypK,) %~ "%

The steady-state temperature matches the desired temperature for any
0< Kp < xp5!

Wait! At steady state, Pow[oo] = K, (T, — Tin[o0]) = 0. Can we
really turn the heater off and have the nozzle stay hot?

And: whenever T,,[n] > Ty[n], the command Pow[n] is negative. What
would negative heater power mean?

The math is correct. The model is not!



Heat Loss and Nominal Operating Points

Include Heat Loss

A hot nozzle loses heat to its surroundings, and loses it faster the hotter it is:

T[] = Tin[n — 1] + ATy, Pow[n — 1] —ATB T [n — 1], g > 0.
~—_— ———
heat loss

(Temperatures are measured relative to room temperature, so there is no heat loss
at T,, =0.)

A heater can only add heat, and only so much: 0 < Pow[n] < P.x. But the
proportional command K, (Ty[n| — T, [n]) is negative whenever the nozzle is
hotter than desired. The real heater just sits at 0 there, and the linear model
breaks.

Fix: run the heater around a nominal power Py > 0, and let the controller
push it up or down from there.



Heat Loss and Nominal Operating Points

Nominal Operating Point

Pick a nominal operating point (Tp, Py) where heat in = heat out, so the
nozzle would stay at Ty with the heater at Py:

AT'YthPO = ATﬂ To = FPy= ﬁ To.
Vth

Then measure everything relative to it:
0T [n] = Trn[n] — To, dT4[n] = Tyn] — To, 0P[n] = Pow[n] — Py.

Substitute into the model. The constants cancel, because
AT’ythPO — ATBTO =0:

0T [n] = 0T[n — 1] + AT~ 6Pln — 1] — AT 0T [n — 1].

Same equation, now with no constant offset. P[n] < 0 just means “less than
nominal”; the model holds as long as 0 < Py 4+ 6 P[n] < Pnax-



Heat Loss and Nominal Operating Points

Heat Loss: Closed Loop

Controller = nominal power + proportional correction:
Pow[n] = Py + K, (Ty[n] — Tm[n]) <= O0P[n] = K, (§Ty[n] — 0T[n]).

(Same idea in the OPTO lab code: motorCmd = nomCmd + correction.)
Closed loop, in deviation variables:

0T [n] = (1 — AT (v K + ﬁ)) 0T [n — 1) + ATy K, 0T4[n — 1].
—_———

A ¥
Still a linear FODE; compared to Monday, only A changed.

o Stable iff 0 < AT (v Kp + 8) < 2, ie., K, < QA_TAWT;;B

@ No oscillations iff AT (v, K, + 8) < 1, ie., K, < Xﬁfhﬁ



Heat Loss and Nominal Operating Points

Steady State with Heat Loss

If Ty[n] = Ty, for all n, then 6Ty[n] = Tq, — To =: 6Ty, If also |A| < 1, then
(using 1 — X = AT (v K, + B)):

5T[OO] _ v AT’Ytth 5 ’Ytth

1= X% T ATy K, + B) % = ynK, + B

so the steady-state error is

0Ty,,

p
Ty, — Trnfoo] = 6Ty, — 0T [o0] = ——— (Ty, — To) -
o = Tnloe] = 0Ty — 6T = - (T,
@ The steady-state error is proportional to how far the target is from the
operating point.

@ Target at the operating point (T4, = To): zero error. The nominal power P,
alone holds the temperature.

@ Otherwise, the error shrinks as v, K, grows relative to 5.
@ The heater stays on: Pow|[oo] = % Tm[oo] (heat in = heat out).
@ Room temperature as the operating point (7o = 0, P = 0):

1
Tm[oo] = T8/ Ky) ng < Tdo-



Heat Loss and Nominal Operating Points

Bigger K,: Better Match... Until It Isn’t

Example: ATy, = 0.1, ATS = 0.05; start at the operating point, §7[0] = 0,
and raise the target by 1: 6Ty[n] =1 (red: §Ty; gray: 6T [o0]).

Kp=2: A=0.75, §T[oc] = 0.80 Kp=9: A=0.05 6T[co] =0.95
Th-m 1t .
0T[n] o=1 o0t 5|
oL MU+ T
Kp =15: A= —0.55, §T[oo] =0.97 K, =20: A= —1.05, unstable!
1.5 e ¢ 9
SR80 EEAR AU
Y 5 10 15w o0 5 10 15 2

Stable only for K, < A ATﬁ = 19.5; no oscillations for K, < 9.5. Large K,

also means large (and negatlve) 0P: the heater must stay within
0 < Py+ 0P < Py, or it saturates.



System Identification: Estimating A and ~

Today’s Main Objective

We have this nice FODE:

yln] = Xyln — 1] +yuln —1]  (#1)

What are A and v for your lab system? How do we find them from
measured data?

Two unknowns, so let’s find two equations and solve. You will need
this for Friday’s lab!

] 6.310 Sept. 16, 2026
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System Identification: Estimating A and ~

Warm-Up: Estimate A\ from a Step Response

11 Zero state response (y[0] = 0)
u[n] I { I[ of FODE (#1) to a unit step:
0 u[n] =1 for n > 0.
1 +---- S 3 I 3 B S B AL R L R
o > 1 Here v =1— ), so y[oo] = 1.
] 06 | Question: can you estimate A
yin 04 from the figure?
0.2 | y[1] =~ = 0.4, so
0 A=1-v=0.6.
0 5 10 15 20  Or: the gap to 1 shrinks by a
n factor A\ each step:
1, 0.6, 0.36, ...



System Identification: Estimating A and ~

Key Tool: The Gap to Steady State

Suppose |A| < 1 and the input is constant from time N on: u[n] = ug

for n > N. Its steady state yss = 12 uo satisfies yss = Ayss + Yto.

Subtract this from (#1): for n > N,
yn] — yss = )\(y[n —1] - yss) = e[n] = )\”_Ne[N].
[n] [n—1]

The gap to the new steady state shrinks by a factor A every step,
wherever we start.

Special case, input off (ug = 0, so yss = 0): y[n] = A"~V y[N].

] 6.310 Sept. 16, 2026
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System Identification: Estimating A and ~

Evaluate Steady State Response

Assuming (ideal case) FODE (#1) with

y[0] =0, 0< A<,

we already have one relationship!

uln] =1 for n > 0,

v
= — = 1_ .
yloo] = =5 = 7=yl =)
1,,
o ]
0 -
yloo] ++——— RET R B 2 Ik B S B B S S R SE SR R S S
y[n]
L
0 5 10 15 20
n
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System Identification: Estimating A and ~

Evaluate Decay

Start at steady state (u[n] =1 for n < N), then turn the input off:
u[n] = 0 for n > N. How many steps M until y has decayed halfway?

1 i i Key tool with the input off:
uln] o YN + M] = \M y[oc], so
0 ‘ ‘
y[oo] SRR SR | 0 )\le47
! 1-—A 21-2A
| = A~ 0.5,
ym 1 A E (SRS IS
M is an integer, so these are
o P

0 5 N NiM 25 30 35 ostimates.)
n Here: M ~ 7= A~ 0.91 (true
value: A = 0.9).



System Identification: Estimating A and ~

In Practice (a): From One Steady State to Another

In the lab, transients rarely start from zero: the input steps u, — up

(e.g., =1 — +1) and the output moves between two nonzero steady
states yg — Yp-

1 Steady states ya,p = 725 Ua,b, SO
ol LlllllllllTTTTTTTTTTTTTTTTTTTTT G an
T 7; 77777777777777 ey tool, e[n] = y[n] — ys :a raction o
L s
l ol v s

+  Halfway after M steps: A &~ 0.5%/M.
Here: ratio = 3, M ~ 3 = A~ 0.79.



System Identification: Estimating A and ~

In Practice (b): Unknown Offset

Even if the lab system is linear, what we measure is better modeled as
yln] = Ayln — 1] +yuln - 1] + ¢,

where ¢ is an unknown constant: e.g., sensor bias, or a nominal pair
that is not exactly in balance (¢ = AT (v Py — fTp) for the nozzle).

1 TTTTTTTTTTTTTTTTTTTTT Same system as (a), Wlth C = 03
Steady state is no
e mem O v
ot C _ yug +c
7: Yss = -\ .
yln | Naive: y[oo] = 2 with ug = 1, so
1 | ] = =27 Wrong!
Differences:
0 - yb_ya:ﬁ(u _ua),andc
0 5 N 15 20 25 30 cancels: 1_2(—_11) :% v



System Identification: Estimating A and ~

In Practice: Trust Only Differences
The key tool still works with the offset: y, = Ayp +yup +c¢, so forn > N
e[n] =y[n] —yp = Aeln — 1] (both uw and ¢ drop out).

The offset shifts every level by % but does not change the transient.
Recipe for estimating A, from lab data:

© Hold u = u, until y settles; record y,.

@ Step to u = uyp; record the transient and the new level .
@ Compute T _ %Y
1—X  up—ug
@ Find M, the number of steps to get halfway from y, to ys:
A~ 0.5M,
@ Then vy = (1 - \)—=— Yo~ Ya (and, if needed, ¢ = (1 — A) Yo — YUq)-
Up — Uq
Don’t rely on absolute output values or transients “from zero”: trust
only differences.




Why Do the Transients Look Alike?

Warm-up system again (A = 0.6, v = 0.4, y[0] = 0), but the input now
switches between +1 and —1 every 10 steps.

ub _1PT”TTTTTTllllllllll”””””llll“““
W ot i,
L

Question: each transient looks like a scaled, time-shifted copy of the
step response. Why? Answer: Linearity and Time Invariance.



Why Do the Transients Look Alike?

Same input, but now A = —0.6, vy =1— X = 1.6.

LTI I
“Wj LM

s m”m”r pmm{’h””ﬂlwuu

0 5 10 15 20 25 30 35
n

Question: why does the output overshoot and ring? How could you
tell A < 0?7 Answer: \" alternates in sign when A < 0. And again:
Linearity and Time Invariance.



Linearity and Time Invariance

Property I: Decomposition of General Solution

Recall our two special cases:
e Zero Input Response: If u[n] = 0 for all n: y[n] = A"y[0]
e Zero State Response: If y[0] = 0: y[n] =y 371 A(v=m) =1y 1]

Then we can decompose y[n] into its ZIR and ZSR:

yln] = Agl0] 7 3 ATy
m=0

(D: y[n] = yzir[n] + yzsrn]
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Linearity and Time Invariance

Property II: Linearity & Time Invariance of ZSR
Suppose that I have two different input functions w[n],up[n]. Then,
n—1
yazsrln] =~ Y AT uy(m),
m=0

n—1
yp.zsrln] =7 > A" uplm.
m=0

Assume ugln] = up[n] =0 for all n < 0, and N4, Ng > 0.
If uln] = aualn — Na] + bup[n — Np], then

(ID): yzsr[n] = aya,zsr[n — Na] + byp zsr[n — Np].
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Linearity and Time Invariance

Property I1I: An Aspect of Time Invariance of ZIR

If u[n] = 0 for all n > N, then

(IM1): y[n] = \"Ny[N] for all n > N.
Proof sketch:
y[N + 1] = Ay[N] + yu[N] = Ay[N] (u[N]=0)
y[N + 2] = M\y[N + 1] + yu[N + 1] = Ay[N]
y[N + 3] = Xy[N]
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Linearity and Time Invariance

Transient to Steady State (Using (I)—(I1I))

Suppose that |[A| < 1 and the input is a unit step that turns on at
n=DN:

ui[n] =0 for n < N, ui[n] =1 for n > N,
with initial state y1[0] = 0. What is the output y;[n|?
" ‘
o i
0 lwmnnssnsnsl ‘ ‘
0 N S R R R - oo
X * > 99999994
wiln] |
0 eeeeeeeeeeé‘ t u
0 5 N 15 20 25 30

Before N: nothing happens. Long after N: steady state. In between?
The key tool already told us; let’s rederive it using Properties (I)—(III).



Linearity and Time Invariance

Transient to Steady State (Cont.)

Consider a system that starts at steady state, and whose input turns
off at n = N:

y2[0] = —— ug[n] =1 for n < N, ug[n] =0 for n > N.

What is yo[n]?
Directly from the system equation (#1):

ya[n] = % forn <N (input still 1)
yal N +1] = MplN] + qus[N] = AsT (ua[N] = 0)
yo[n] = AN & forn > N (repeating the same step)



Linearity and Time Invariance

Transient to Steady State (Cont.)

Consider a system with

y30] = —— uz[n] = 1 for all n.
What is ys[n]?

Since we initialized at steady state, and the input function us[n] does
not change, we will remain in steady state:

y3[n] = % for all n.
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Linearity and Time Invariance

Transient to Steady State: Putting It Together

Back to up[n] (unit step turning on at N, with y;[0] = 0). Notice that
ui[n] = uzn] — uzln] for all n, and y1[0] = y3[0] — y=2[0] = 0.

Both the inputs and the initial states subtract, so by linearity
(Properties (I) and (II)):

y1[n] = ya[n] — ya[n]

v -N 7
— N T SN
1—A 1—x "=

and y1[n] =0 for n < N.
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Linearity and Time Invariance

Now, We Can Fill in the Gap: 0 < A < 1

yiln] = —— (1-X"Y), n>N

-----------

0.8 +
0.6 +

‘0-0-0-0-0-0-0000-0

0 5 N=10 15 20 25

30

v
Here /5 = 1.

Note y1[N] = 0: the output
first responds at N + 1 (the
one-step delay in (#1)).
Question: roughly, what is
A?

The gap to steady state goes
1—-06—0.36—---,
shrinking by a factor A each
step, so A = 0.6.

Sept. 16, 2026 31/33



Linearity and Time Invariance

Now, We Can Fill in the Gap: —1 < A <0

y1[n] :ﬁ(l—)\an), n>N

-----------

‘0-0-0-0-0-0-0000-0

0 5 N=10 15 20 25

30

Again 75 = 1.

Question: roughly, what is
A?

The gap y1[n] — 1 goes

-1 —++406 — —-0.36 —---:

it flips sign and shrinks by
0.6 each step, so A = —0.6.

Negative A = overshoot and
oscillation.
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Linearity and Time Invariance

Closing Thoughts

How can we generate the previous plots?
e We get to pick which controller we use (and set the gains)!

@ We can find an expression for A which will (probably) be a
function of the gain(s) of our controller.

e With proportional control and heat loss (8 # 0), the error is zero
only when the target equals the nominal temperature Ty. Can we
design a controller that removes it for any target?
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