Efohe gupn L

dditional Slides from Fall 2024 after page 9.

Preat” (Magley, Proy hroeec)

N A N

\f* \7 A L

gy,
e B 5 0 Bl

EEad | =X B

[ Gl i
‘ : SRS 1 bl~aT b Sortiplec i
é )\\T “~_7_,_____....---v~\_\ /_A e  \ ~~~~~ &///// L_,%—-—f/’/
T XU\,) = /TAz(L?\“-L‘ -tu@\\w ‘.i AR
Y1 o= CX p B L"
| : B | : i
0 Lol an
\ [,3 Micro conm{fr.i\&/
= My Ih

M\( o< al QQ.....HAM,; =+ 2 L,LC/}L |

PD fo(r’\‘a\

ULY =
*if\ EM \Ih(h? \m:ﬂ \\M =1\
’g __L.*..g_L
PTh Coavro
\I( 3 - \JE) l ‘)\
l ™ | J 'Ksk\] S
I/_’/k



 
Additional Slides from Fall 2024 after page 9.


s &
B gj:g:\“r‘*gmﬁfe. HQ&@‘\ | |

" % C Q A%“X le] “i" \gé\ﬁv\, La »—1]

X=PX thh , T 1 A )
e {“1 C_; X Y.a\j A“’T__, I.> k'R
e T20 ST 2 4TA
éT 5‘*"&3%&; 5;&& H&é gm £TA K= 5[37

——VJT—— e Ry CQJWQH( pcahtyu‘#&%iﬁ‘ua“y '}’o‘*J} -

R ‘\Gﬂd( KX 5o XOd>0 a$
Sl -3 %M“r os possble”




Re,m A der

(e thmﬁ KQ\

{ atewn,

__ Magg, _

= 0T i) f‘,,mn . V&i{ ghﬁtéﬁ‘ Qnd’ &U"{.}& m

I mgwxd,l L% e

- e r Feacsd 0 1o 3

A é\ m@}

B Fldrt (t*“.s if”’ﬁ '-’—? Campu"‘\“e, KA‘%.‘_;_;_

B 'mgkﬂv_{e - equal g/s eedts



B o R A @ :

X U‘j AA‘& Ew’ﬁ ”%’ Bd_ (KU :11

\/ cel = Cx Cﬂm |

TN

ClqsaL Loop N _ |

. xwd- JT»\ [N eq\ ko]

e e = Ba\kmx \L\D‘ 4]

\, cstke (} exsts) Yy 07 D%
wsarys =Yy ):cttn"l% [e).

J@, CAx- SV

Uy _ FBaKAd Yo




@( PO
( QLS:QCVQ(_“_ -;}Q}N“qcﬁcw MeasKE

Suppese
{tate s

A(’\Q‘*’\Me{‘ \A)Q,\(; 4o e P¢$*r lﬂ(‘fht@r}/

"‘%': VO\JJ yod)

:E’\ Cor-P0 =T & O S?Clc_l :

@ E S%CWDC\;&'@(" C & L <@ F\/eﬂ)

T 2T = P XD * BAG]

et

«f:omw ,Ii\ o i Y
\ o W + Ly o] -Y00))
2= Tl e o U S

D S Measusd ’i
f.’f’ | :_n ( &"
/ Bsfnald
< e o AN e
g.;? r’f"’c Cl é(?/\ -~ YEC ARy

“f“c r m

QR Coatoaller Using sl mote

K\ Krc)\ é:’ L@@ érfg\t/ls

{4

A

Ve _Estimareot S iare-t

6.7 ?‘)\‘f =R \/,, ENA = \ AW ]

based
5r\\s§<<z< 21052 l cllel | L ‘g\
:;.’C‘I (o \,\L' v

1

@lseﬂ/er g CM*MH@# only CasVFE,

— \ inl ¢ Nor ®ra)



@ S e Ve 6

| T T
M e Ce (6)

AKQQF‘”VVL!M © 0

=T

(\)éi’\g

W

915( Q&!{“Sf’w’ }\ 3‘*’%:@’i?<; aa«z//uzf zpm?o{

@ bﬁe

@w W ﬁ% AN = \/\,\

£ pose ™
T
ﬁ?;‘ F% &co.,el..-ﬂ \} W’% IQLN‘" Co MpaT Te Prc“ﬂ(‘}’vé
e
& R Corfedtion & Lo | \/ “”\/\
Omrv = i
el "3) UP Jate \P Ce Metieas for ne XU Hme
= ,
=) 3\) 7\\<é= Px% SR U\ - CofTect
<= CR
/
T G 7RSSR S | &
UP} Ou‘( Vo G § Ly plant,




lﬁ Ui QY“[GN’) eLtor
\/&:\cﬂ\/ e X"Eﬁ"‘ - ?Dﬂ m
= ¢

N

Haw PETON Ls:‘i'iéw ’*shmwe:

,"“ AeFual  Steke  usiay s lbserver- baﬁmﬁ @é"ﬂ,\?i“

xocm = A Xooa] = 8) U4

@ /S(\\:(\j = 7R FEIEER N/ D\*ﬁj
. x
L) (G- 3
/ AAAAAA MS’ ‘i

L,;Q( Y1 -0

bﬁ‘hfm ﬁ‘mc‘.gﬁiw&’f ﬁ\!"&r‘ \UKL« ol,.scc wmf"ﬂ

R i BT e .

Xl X0 = 6 6] AGI= Xo1ea
. NP

Siute @st.
Q rree :
{Q - & AT
M/“”\

SR A1 Ok - xm}

\/"\,v«-’"

o
Cinl -1 Q)

c ) :(M L;\CH

e 4

gw’cérc, G.S‘HMO(J(\QA e H\OQM 5\"

m' C‘"*"~ S
/, E;i\ rrol &Q(“‘ \«f cu,(\é <k§‘e\) K_S |

> g
P T o v d




-

deive) stade W ackod |
\)Cglﬁz Qv geve:\e%‘h/"a@&—-g‘g 4{‘}? e \Jﬁ,ch Uﬂnf

Aeas
HOvJ 4\05:, 15 (m ’J(‘a )(Cfg“ {A,(@JSE g)

s Qa1

g—-’t ﬂff :Q’lvz_ée L gc&sf @‘\H‘Q\

@ Xfﬂ AAXU%J+V

AA.&:\ ‘

"-?\T«c

wltia rﬂg@t\/ef’ c“‘-@(}%’ﬁ}

@5}—\mdf?\ 2 Yale

NSRRIt = rinf-c 14

0&9@“0% X (Q\\ [A\“ B\[//l) X fﬂ '\1
D e e
—+ Wy [ de ot o T

PN Yy )

(S$UL§

£ Ea ol ec&. éj'g}fj.g_, o) /l\rr’@'

="

0 X Ch] = (:AA BJ. "’,Dxf.l\j\ B i’\;?LX(jo:j}_

v [n «ﬂ &/G{ Pl T 321 ;

. 7
s i ;” g Y Y —
SobYra &, G
: _7 N y E g

SN

—¥T1) = (SN TR FESTEY

/T\ % \J\ = 7
s |
ociud By e (a]
SN S SW‘L A A o
<¥eres 6\056 wer Coat Dl S %
e Mke! oSt dole <M S


 


6

/\
Agwﬁgkj — 0

o woh

< N
é Tk R 2t
‘ _&gﬂ errors 21 Jas]
A W hen estinteten
Z S - % Qi’f:x(
B U BT
L




6.3100: Dynamic System Modeling and Control Design

DT Observer

December 02, 2024



Overview
In past lectures, we analyzed behaviors of continuous-time observers.

We analyzed two types of convergence:
— convergence of the observer and plant states:
x(t) — x(t)
— and convergence of the plant output to the desired value:

y(t) = yal(t)
We also looked at the sensitivity of the controllers to noise.

While we have focused on continuous-time controllers, modern controllers
increasingly work in discrete time — in large part because of the availability
of low cost, high performance microprocessors.

Today: analyze systems that combine continuous time representations
of a plant with discrete time implementations of its control.



Motor Speed Control
We will use the motor speed control system as an example.

I
1l
<
£
=

v(t) kew(t) kmi(t)

The voltage v(t) represents the electrical input to the motor.

It excites a current i(t), which generates a torque kpi(t) that tends to
rotate the motor shaft.

The torque is resisted by the moment of inertia J and by friction (k).

As the motor spins, it generates a back emf (k.w(t)) that tends to reduce
the electrical current i(t) drawn by the motor.



Motor Speed Control: Two-Port Model

Motors have two ports: one is electrical and one is mechanical.

i(t) r l
ke

v(t) w(t) @kmz(t) % % = J w(t)
- O

Electrical port Mechanical port




Motor Speed Control: Mathematical Representation

Simple circuit analysis provides a mathematical representation.

l

+
kew(t) @ mi(t %kf = J w(t)

ot) = i) + 150 kot)  hi(t) = kget) + T




Motor Speed Control: Matrix Representation

The equations are conveniently represented by a pair of matrix equations.

ity T !
+ +
v(t) kew(t); : ) @kmi(t) %% =J w()
- C -
U(t>=ri(t>+zd;(tt>+kew<t) () = kyw(t) + dff)
dTim)] [-F —%][iw 1.
@ L(t)]‘[@ —’3}] MIRHEC



State-Space Model

The matrix equations provide a complete representation of the plant.

u(t)_.® =0 T X(t)=E
Lgd o
#ll) [y L]+ (1]

d N
% X(t) - X(t) + u
=0 1[50 ]



State-Space Model + State-Space Controller

This motor model was then put into a feedback loop that was designed to
make the output speed y(t) = w(t) track the desired speed y,(t)

yd—DG—)_ U(tlEl_’C_f)ﬂ’f x(®) =|| C II > y(t)

A

A plant

IK':
L= |

where K is found using pole placement:
K = place(A,B, [polel,pole2])
or LQR:
K = 1qr(A,B,Q,R) where Q = diag([penaltyl,penalty2]) and R = 1

Then Kr is set to remove steady-state errors.
Kr = -1/(C*inv (A-B*K) *B)



State-Space Model + Observer

We also analyzed the performance of an observer-based controller.

utI | x(t x(t t
yd_’(i)_ (2 B @T (t) f ()‘ITI y(t)

A plant
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More effective control without having to measure the states of the plant.



Effects of Sensor Noise

We looked at noise performance for both state-space and observer-based
controllers.

yd—>®_ u(tlEl—o?ﬂbf x(®) =|| C || > y(t)

A

A plant
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v
@4— n(t)
= |

We focused on sensing (measurement) noise at the interface between the
plant and the controller.



Effects of Sensor Noise

We looked at noise performance for both state-space and observer-based
controllers.

utI | x(t x(t t
yd_’@_ (2 B @T (t) f ()=E_’O y(t)

A

A plant  n(t)

=)

We focused on sensing (measurement) noise at the plant’s output.



Hybrid Representation

Using discrete-time control of a continuous-time plant.

A

yd—bG—)_ U(tlEl_’Gf)ﬂ’f x(t)=|| C || > y(t)

A plant

IK':
=1

To use a microprocessor to control a continous time (physical) plant, we
must convert between discrete- and continuous-time representations of sig-
nals.



Hybrid Representation

Using discrete-time control of a continuous-time plant.

w—[Fe O DAC“_@@&. TEY e faocks yin
Y
T A plant
ADC
|| K ||< '

To use a microprocessor to control a continous time (physical) plant, we
must convert between discrete- and continuous-time representations of sig-
nals.

We use an analog-to-digital converter to create a discrete-time repre-
sentation of the state and a digital-to-analog converter to reconstruct a
continuous-time representation of the command u(t).



Analog-To-Digital Conversion

Analog-to-digital conversion entails two types of transformations.

Sampling: process by which a function of real domain is transformed into
a function of integer domain.

Quantization: process by which a continuous range of amplitudes is rep-
resented by a finite range of integers.



Sampling

A function of real domain is transformed into a function of integer domain.

f®) flnl = f(nA)

I'I'I'I'I'It T r1r 1 T
0AT 2AT AAT 6AT 8AT 10AT 0 2 4 6 8 10



Quantization

Quantization: process by which a continuous range of amplitudes is rep-
resented by a finite range of integers.

2 bits 3 bits 4 bits

Vo Vo Vo
0 T V; 0 4’_’_’_ Vs f

i 0 U
0 _’_,—rg rr’_,-l'r'g

(Y (t) (Y (t) V; (t)

14 /\ 14 1

0 \/ /\ t 0 t 0 t
L NA ] ny



Digital-To-Analog Conversion

Digital-to-analog conversion reconstructs an analog signal from its digital
representation. zero-order hold

°

T | T | T | T | T | t
0 2 4 6 8 10 0  2AT 4AT 6AT 8AT 10AT



Hybrid Representations for Observer-Based Controllers

Even more changes are needed for hybrid control of observers.

yd—b(i)_ U(QIB| @T x(t) f x(t)JTI

A plant
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Check Yourself

What must be changed to convert the controller to discrete time?

yd—b(i)_ U(QIB| @T x(t) f x(t)JTI

A plant
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Check Yourself

What must be changed to convert the controller to discrete time?

yd—»@_u[nl DAcu—(tl@ﬂ> f x(t)=E—>ADC—[n

A

<

) N
—.(:)—>n+ ]Delay XW:'_"Cdl T
T y[n]
Aq
II Kd II:

Signals outside plant must be discrete time: y(t) — y[n]; uln] — u(t).
Integrator in observer — delay: X(t) — X[n|; X(t) = X[n+1]
Control matrices A,B,C, L, and K must be converted to discrete versions.



Check Yourself

What must be changed to convert the controller to discrete time?

n—[ @ lonc “_(tl@ﬂ. T

A

ADC

=
=3

—>®3E[L+1>] Delay

L

How can we convert A, B, C to Ag, By, C4?



Discrete-Time State Evolution

Start by considering the scalar case: x =z, A=a, B=10, and C = c.
The continuous-time state evolution equation is

&(t) = az(t) + bu(t)
Since u[n] only changes on step boundaries, u(t) is constant between steps.
Then z(t) has homogeneous and particular parts:

z(t) = et 4+~
Substituting into the plant equation:

i(t) = Baelt = ax(t) + bu(t) = alae’ + ) + bu(t)
shows that f =a and v = —bu(t)/a so that

z(t) = ae” —bu(t)/a




Discrete-Time State Evolution

The discrete-time state evolution equation computes z[n+1] = z((n+1)AT)
from z[n] = z(nAT).

u(t)
t,nAT
x(t)
-Q?TTTTll t,TLAT
s
<

z(t) = ae™ — bu(t)/a

2(nAT) = ae™AT _bu(t)/a — a= z(nAT) 4 bu(t)/a

ecmAT

2((n+1)AT) = e’ IAT py(t) ja = (”M;)aﬂ;“( 0 gt 0AT_py ()

= T3 (nAT) + (e“AT - 1) éu(t)

a




Discrete-Time State Evolution
Use linear algebra to compute the analogous matrix expression.

State update equation (scalar form):

z[n+1] = T z[n] + (e“AT - 1) gu(t)

State update equation (matrix form):

x[n+1] = A2 x[n] + (eAAT—I> A 'Buln)

Discrete version of state evolution equation:
x[n+1] = Agx[n] + Bquln]

where
Ad — €AAT

By = (eAAT—I> A'B

The exponential function in the scalar form is replaced by a matrix expo-
nential function in the matrix form.



Check Yourself

P
Without using a computer, determine which (if any) of the matrices
on the right is the exponential of the matrix on the left.

[1

[2
10

1_

|

2e
0

[e
10

[e

[e

10

!

0]

[ Which diagram below (if any) shows all of the valid matches? }

1.

2. 3. 4, 5.
o ° % N éig none
g\o o———o0

~




Matrix Exponentials

LetA:[

1
0

'

1 1 1 1
. A _ = YV ¢ C
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[1
10
(1
10

01 11
1o

01 171
T o

y
y

1+ 1+ +3+

1.

11
+50

11
+EO

I+1+g+3+

2 1

0 2
E
1

:|
+
1

0

-3

1
3!

1

3!

|

|

1
0

1
0

0
1

0
1

]3+
E

1

4!

1

4!

|

|

1
0

1
0

0
1

0
1

|+

'+



Matrix Exponentials

10
Let B =
wo=[o 4

1

1 1
. B _ 1 Y
Find e —I+1!B+2!B +3!

1
3 4
B+7!B R

s J1 0] 171 0] 1
““lo1lT1lo ol T2

M+ fi+5+35+ 0
0 1

107 1[1 0] 1
“lo 1) 1o o] T2

|



Matrix Exponentials

1

LetC:[O

]

1 1 1 1
: C_ - T2 te3 . et
Find e —I+1!C+2!C +3!C +4!C +

1
1 0
[1

0
1

01 11
SRETED

01 171
o

0
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—1—50
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+
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Matrix Exponentials

2 0
D =
Let [O 1]

Find e



Check Yourself

P
Without using a computer, determine which (if any) of the matrices
on the right is the exponential of the matrix on the left.

[1

[2
10

0

= (=)
L

|

10

2e
0

[e
10

[e

:\ﬁ
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0

e

0
e

0]

|

[ Which diagram below (if any) shows all of the valid matches? 1 }

1.

2. 3. 4, 5.
o ° % N éig none
g\o o———o0

~




Discrete-Time State Evolution

Comparison of discrete and continuous time plant descriptors.

Continuous Time
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)
Discrete Time
x[n+1] = Agx[n] + Bqu[n|

y[n] = Cqax[n] + Dqun]

where
Ad — eAAT
By = (eAAT—I> A'B
Cq=C



Discrete-Time Gain Matrices

For continuous-time observers, we find the state feedback matrix K by
solving a continuous-time minimization problem:

min ( /0 h x"(7)Qx(r)dr + /0 b uT(T)Ru(T)dT>

K

For discrete-time observers, we find the state feedback matrix Kq by solving
a discrete-time minimization problem:

(o] oo

. T T

min x [m|Qx|m u’ [m|Ru|m

(32 sl + 3 i
m=0 m=0

These algorithms are different!

For continuous-time systems:

K=1qr(4,B,Q,R)

L=1qr(A.’,B.’,Q,R)

For discrete-time systems:

Kd=dlqr(Ad,Bd,Q,R)
Ld=dlqr(Ad.’,Bd.’,Q,R)



Check Yourself

Consider a state-space controller for the motor model.

yd—>(+)—>u[n] DACu—(t)bl—o (:)—>X(t) f x(t)

A

ADC

ADC

—> y[n]

Which of the following values of K will work best if AT = 0.1 ms?

K1
K2
K3
K4
K5
K6

1gr(A,B,Q,R)

dlgr(A,B,Q,R)

1qr (I+A*DeltaT,B*DeltaT,Q,R)

dlqr (I+A*DeltaT,B*DeltaT,Q,R)

1qr (expm(A*DeltaT) , (expm(AxDeltaT)-I)*A\B,Q,R)
dlqr (expm(A*DeltaT) , (expm(A*DeltaT)-I)*A\B,Q,R)



Check Yourself
Consider a state-space controller for the motor model.

Yd —»@_uill DAC u—(tl@ﬂ> f x(t) »[ C }+|ancrs yln)
T A plant
v
ADC
MK e .

Since AT is small relative to the dynamics of the system, the path from x()
to u(t) is nearly instantaneous and can be approximated as simply adding
a small amount of noise.

The hybrid system is approximately continuous.
— K1 is a reasonable approximation.

K2 doesn’t makes sense: cannot run dlgr on a CT state evolution matrix.



Check Yourself

Consider an observer-based controller for the motor.

@)

Yd —»@}@ DA

4

| _(QI OO T ey ofaod !
L

—»@i[ﬂﬂDelay x[n}> Ca II T

4[ = | fin]

Which of the following values of K4 will work best?

K1
K2
K3
K4
K5
K6

1qr(4A,B,Q,R)

dlqr(A,B,Q,R)

1qr (I+A*DeltaT,B*DeltaT,Q,R)
dlqr(I+A*DeltaT,B*DeltaT,Q,R)

1gr (expm(A*DeltaT), (expm(A*DeltaT)-I)*A\B,Q,R)
dlqr (expm(A*DeltaT) , (expm(A*DeltaT)-I)*A\B,Q,R)



Check Yourself

Consider an observer-based controller for the motor.

TN i BNy WLk B8 “_“ll_. O] [t -fod
L

@)

4

—»@i[ﬂﬂDelay x[n}> Ca II T

4[ = | fin]

K5 and K6 are based on discrete approximations to the CT matrices A & B.
— K5 doesn’'t make sense: cannot run 1lqr on DT matrices.
— K6 is the best choice.

K3 and K4 are based on 1st-order approximations to the DT matrices.
— K3 doesn’'t make sense: cannot run 1qr on DT matrices.
— K4 is a very good choice.



Summary

Microcontrollers (such as the Teensy) are increasingly used to control sys-
tems because of their low cost and high performance.

Using a microcontroller with a physical plant creates a hybrid system with
part described in continuous time and part described in discrete time.

Optimization algorithms (such as pole placement and LQR) have been
developed for both continuous- and discrete-time systems.



