6.3100 April 27, 2026 Lecture:
State Estimation with Luenberger Observers

April 28, 2026

Last Lecture

e Example: estimate the middle state of a double integrator chain

Outline for Today

e Example modified to match the maglev model

e State estimation with Luenberger observers

Example: Recovering the Middle Signal in a Chain of Integrators

Last lecture we considered the (rather common) scenario when both the input r and
the output p, of a chain of two pure integrators are measured (with noises v; and vy,
respectively), while the output p; of the first integrator is not, as described by the block
diagram
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or, equivalently, equations

pn(t) = r(t),
p2(t) = pu(t),
ni(t) = r(t)+v(t),
ya(t) = pa(t) +v2(t).



We were designing a linear estimator with constant coefficients, which took y; and s as
inputs, and produced an estimate p; of p;, with the objective of making the estimation
error e; = p; — p; not depending on r, and minimizing its sensitivity of e; to noises v;
and vg, expressed by the “performance” functional

J = m(?X ‘Hvlﬁ‘el (jw)’ + mBX ’Hvzﬁel (jw)’
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We came up with an estimator of the form
dp. (t)
dt

where L is a positive constant. For this estimator, it turned out that J = L+ 1/L, hence
L =1 was the optimal value of L.

p1(t) = p«(t) + Lys(t),  where = —Lp.(t) + yu(t) — L2y(t),

A Better Noise Model
In applying the estimator from the example to our MAGLEV model
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where, as shortcuts, 7;, v,, and 7. stand for V4a/di, Vda/dy, and Vaiyac, respectively, we use it
to estimate the unmeasured state xs. To fit the double integrator model to the MAGLEV
realities, we set

r(t) = vixa(t) + yas(t), pi(t) = x2(t), po(t) = xs(t),
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and note that the actually measured variables are z; = A; and z3 = A,. We make an
assumption that A, is measured with noise hove, and A,; is measured with noise hjvy,
where the constant h; and hy reflect the observed intensities of of the noises associated
with measuring A; and A, respectively. Accordingly, the measurement model has to be
modified to

yi(t) = r(t) +vihivi(t) + vhova(t),
Y2(t) = pa(t) + hava(t).

In turn, this leads to different expressions for H,, ¢, (s) and H,, ., (s):

h1vi Ls+~
Hv1%€1(8) = s —|—L’ Hv2%61 = h2TLy>
a modified performance functional:
h1;

J:

I + ho max{L, ’Yy/L}7

and ultimately to the new optimal L:
Loy = max { /7, v/l /ha |-

Sensitivity to Modeling Errors

Assuming our knowledge of the MAGLEV coefficients ;, 7, is perfect, the transfer func-
tion from r = 3, A; +7,A, to the resulting estimation error e; = p; — p; remains zero. In
practice, the estimator will use some approximate values 4; =~ 7;, 4, /= 7y, in which case
the estimator equations become

D (1) = pu(t) + LA () + hava(t)),
dp;t(t) = —Lp.(t) + 3i(Ai(t) + hivi (1) + (B, — L) (A, (t) + hava(t)).

~

Hence the estimation error e;(t) = 1 (t) — A,(t) will be given by

e1(t) = eu(t) + Lhova(t),
e(t) = —Leu(t) +higivi(t) + (3 — L*)hava(t) + (y — 1) Ay (£) + (5 — ) Au(t).

Accordingly, when figuring out a good value of L > 0, one has to take into account not
just how strong the frequency responses to noises are, via

h1%i
L ?

max | Hy, e, (jw)| = max |Hy, e, (jw)| = homax{L,3,/L}
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but also the impact of
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which quantify the sensitivity of estimation error to modeling error. In practice measure-
ment intensity is relatively small so the modeling error is likely a deciding factor.

One extreme case of estimator design is to use 4, = 94; = 0, which would be reasonable
when there is no confidence in knowing the model coefficients. The resulting estimator
ignores the y; (current) measurement completely:

bt =50+ Iy, P~ ) ),

which makes for the estimator transfer function

L? Ls

H = .
s+L s+ L

y2‘>ﬁ1(5) =L-

Since Hy,_,5,(s) =~ s for |s| < L, one can argue that transfer function H,, ,; (s) charac-
terizes a system which acts as a differentiator for low-frequency signals.

The following Arduino plotter screenshots show the relative performance of four ways of
estimating A, (t):

(a) Numerical differentiation, via something like

float delDeltaY = (deltaY - pastDeltaY[Mback]);
vel = my6310.scaleAndBound(delDeltaY, BV, mDeltaT);

in the Arduino code, with the default value of Mback=4.

(b) Limited bandwidth differentiation of A,(?), i.e., using 4, = 4; = 0 in the estimator,
with L = 500.

(c¢) Limited bandwidth differentiation of A, (%), i.e., using 4, = 4; = 0 in the estimator,
with L = 100 (reduced in an attempt to reduce noise sensitivity).

(d) The estimator with 4,,%; chosen as the best guesses at 7,,v;, and L = 100.
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One can see that using a too-small value in (c) resulted in ringing response (though, on
the positive side, it reduced noise, too). Estimator (d) performs better, as expected since
it tries to use both measured signals, not just one of the two.



Linear State Estimation
In general, linear state estimation follows the basic outline of the example above:

e use a linear model of state dynamics which pays attention to noise insertion;

e design and optimize the estimator as a linear dynamical system;

e define performance in terms of the noise-to-estimation error transfer functions;
there are significant differences as well.

In general, the so-called linear-quadratic optimal state estimator is designed for a state
space model of the form

&(t) = Az(t) + Byw(t) + Bau(t), y(t) = Cox(t) + Dagw(t) + Dapu(t),
where
e z(t) € R" is the state vector to estimate;
e u(t) € R™ is the control command, assumed to be known at time ¢ for every t;

e y(t) € R¥ is the sensor measurement (multi-dimensional when there are multiple
sensors), assumed to be known at time ¢ for every ¢;

e w(t) € R? is the noise vector, not known, but assumed to have independent com-
ponents of equal intensity; mathematically, w(-) is assumed to be the so-called
“normalized white noise”, which is part reasonable (in particular, to assume that
w(ty) and w(ts) are independent for ¢; # t5), but part absolutely bonkers crazy (for
example, to assume that, for every fixed ¢, the standard deviation of w(t) is infinite);

e A, Bi, By, Cy, Dy, Doy are known constant real matrices of appropriate dimensions.

Luenberger Observer

The estimator itself is designed in the Luenberger observer (sometime referred to as simply
state observer) form

dic(t)
dt

The idea of such observer extends the trick played in the earlier example: when all
eigenvalues of A have negative real part, one can produce a stable estimate z(t) of x(t)
by simply running a copy of the original state space model, with the (unknown) w(t)
dropped out:

= A&(t) + Bau(t) + L(y(t) — Cai(t)).

— A&(t) + Byul(t).



Since the estimation error e(t) = Z(t) — x(t) will satisfy the differential equation
é(t) = Ae(t) — Byw(t),

the estimation error will behave in a stable fashion. This, however, will not work when
A has eigenvalues with non-negative real part (this will also work poorly when A has
eigenvalues with real part that is negative, but still close to zero).

In order to be able to apply the idea, we can try to re-write the original state space
equation in the equivalent form

&(t) = Az(t) + Byw(t) + Bau(t) + L(y(t) — Cox(t) — Dayw(t) — Dagu(t)),

where L is an arbitrary matrix of appropriate dimensions (the equivalence follows from
the fact that y(t) — Cox(t) — Dajw(t) — Dagu equals to zero at all times). Now we can use
the modified equation to convert to a state observer, by dropping the unknown w(t):

di(t)
dt

= Ai(t) + Bau(t) + L(y(t) — Coa(t) — Dogu(t)).
The resulting estimation error e(t) = &(t) — x(t) will satisfy the differential equation

which will be stable whenever all eigenvalues of A — LC5 have negative real part.
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Pole Placement for Luenberger Observer

Can we place the eigenvalues of A — L(y arbitrarily by selecting L? Since the eigenvalues
of a real matrix are always the same as the eigenvalues of its transpose, the task is the
same as the one of placing eigenvalues of AT —CY? LT which can be accomplished by using
the place function:

F = ct.place(A.T, C2.T, listOfDesiredEigs)
L=F.T



